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Abstract 

Let Bh{-) be a fractional Brownian motion with Hurst parameter H 6 
(0, 1]. Motivated by applications to maximal inequalities for fractional Brow- 
nian motion, in this note we derive bounds for 



K T {H,i) :=E 



sup \B H (t)\ 
te[o,T] 



with 7, T > 0. 
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1 Introduction 

In this note we study properties of 



K T (H,>y) :=E 



sup \B H (t)\ 
te[o,T] 



(1) 



for 7, T > 0, where -£?#(•) is a fractional Brownian motion with Hurst parame- 
ter H e (0, 1], i.e., a centered Gaussian process with stationary increments and 
variance function Yar(B H (t)) = t 2H . 

Constants Kt(H, 7) appear in the context of analyzing maximal inequalities for 
fractional Brownian motion; see e.g. [5j. The aim of this paper is to give bounds 
for K T {H, 7). To our best knowledge the exact values of Kt{H, 7) are not known. 
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Let 

oo 

s > 0, be the Dirichlet beta function. By E n (x), n = 0, 1, we denote the Euler 
polynomials; E n : = 2 n E n (l/2), n — 0, 1, stand for Euler numbers; see 0X page 
804. Additionally let (i) = P(jV > t) where A/" ~ 7V(0, 1). 

The use of technique based on comparison of Gaussian processes yields the fol- 
lowing theorem. 

Theorem 1.1 Let 7 > 0. 

(i)IfH < 1/2, then 

'7 + 1 



K T (H,j) > T^ H ^=2^Y (- 



(ii)IfH > 1/2, then 

T 7 ^— ^=2 2 T ( 1±T\ < JCr(H j7 ) < T^2^ +1 L ( 2±1) . 
V n \ 2 J V 71 " V 2 / 

In the following proposition we calculate exact value of K T (l/2, 7) and Kt(1, 7). 

Proposition 1.2 Lei 7 > 0. Tfoen 

fi) K T {\/%i) = ^+ir (2±i) /3( 7 )Ti; 

(ri)ir T (l,7) = ^2ir(2±i)T 7 . 

The detailed proofs of Proposition 11.21 and Theorem [Ll] are deferred to Section |2l 
As an immediate consequence of Proposition 11.21 in view of (U, page 805, we 
have 

— / 2 \ n 1 
7r / 7r \ n! 



A - l( l/2, 2n+ l) = ^-^ y j — |B 2 „| (2) 

Ki(l/2, 2n) = ^ _ ; f — ) y S 2n _ 1 (x)sec(TO)dx, 

for n = 1, 2, .... In particular 1^(1/2, 1) = a/vt/2 and Ki/^{l/2, 2) is the Catalan's 
constant. 

The comparison of the upper bound for i^ 1 (l/2,2n + l) given in Theorem [Ll] with 
(0 enables us to recover the known inequality for Euler numbers 

A n+1 (2n)\ 



E2J < 



see, e.g., IU, page 805. We refer to [4] for other results that relate moments of 
functionals of Brownian motion with number theory. 
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2 Proofs 



In this section we present complete proofs of Proposition 11.21 and Theorem ll.il 
We frequently use the fact that the property of self-similarity of fractional Brow- 
nian motion enables us to write 



K T (H, 1 ) = K 1 (H, 1 )T^ H . 
We start with an auxiliary result which is also of independent interest. 



(3) 



Lemma 2.1 Let {X(t) : t > 0} be a centered Gaussian process with stationary incre- 
ments and continuous and strictly increasing variance function cr x (-), X(0) = a.s. 
(i) IfcTx(-) is concave, then 



E 



sup X(t) 
te[o,T] 



, K(r)) i_L 2 ir(l±i 



Hi) If 



a 



X ' 



E 



is convex, then 

7 



sup X(t) 

te[o,T] 



, K(r))i _L 2Jr (2±i 



Proof Since the proof of (ii) is analogous to the proof of (i), we focus on the 
argument that justifies (i). Assume that cr x (-) is concave. Observe that for Y(t) : = 
Bi we have 



Yar (Y(t)) = Yar LBi (a x (t))j = a 2 x (t) = Yar{X(t)) 
for all t £ [0, T] and, due to concavity of cr x (-), 

Yar(Y(t)-Y(s)) = Yar (flj (o%(t)) - Br_ (a 2 x (s))) 

< o*x(t-s) 

= Yar(X(t) -X(s)) 

for alH > s and s, t E [0, T). Thus, using Slepian inequality (see, e.g., Theorem 2.1 
in Adler |H), 



P 



sup X(t) > x ) > P ( sup B k {a x {t)) 
\te[o,T] J \te[o,T] 2 




3 



for all x > 0. Since P (sup t6 [ ,T] ^\ > xj = P ^sup te j- 0o . 2 ^ Bi(t) > xj, 

then we get 
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E 


sup X(t) 


> E 




te[o,T] 





sup -Bi (i) 
te[o,^(T)] 

Due to self-similarity of Brownian motion we have 



E 



sup B\ (t) 

*e[o,«4(T)] 2 



E 



1 1 



sup K(T)t) 



te[o,i] 
= (a|(T))^E 

Finally, using that P (sup te[0)1] Bi (t) > t ) = 2P (W > £), we get 



sup Bi{t) 

*6[0,1] 2 



E 



sup -Bi(t) 
te[o,i] 2 



1 7 /S + 1 
<ix V 2 



Combination of ((J) with © completes the proof of {%). 



(4) 



(5) 

□ 



2.1 Proof of Theorem [LI 

Following © we consider only the case of T = 1. Note that 



P ( sup £ H (t) > x < P sup \B H (t)\ > x < 2 P sup B H (t) > z 
te[o,i] / V^I ' 1 ] / V*e[o,i] 



The combination of the above with Lemma IZTI completes the proof of (i) and the 
upper bound in (ii). 

To prove the lower bound in (ii) we use that 

1 7 

E 



sup \B H (t)\ 
te[o,i] 



> E\B H (1)\^ = E|jV|T= ^2 = r ( 



7 + 1 



This completes the proof. 



□ 
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2.2 Proof of Proposition fL2 



Ad (i). Assume that H = ~. Following © it suffices to analyze i^i (1/2, 7). Using 
formula 1.1.4 in [3 J, we get 



#1(1/2,7) 



E 



sup 

te[o,i] 



7 / x 



T-lp 



sup 

te[o,i] 



> x I da; 



7 



/>oo 00 [ r> ;>oo 

/ ^ E U-l)^((2fc + l)x)^ / 



e s ds > efcc. 



(6) 



Let 



fn(x) 



_ 9 /"OO 

£ (-l)^((2* + l)x)- ? =y e- 1 * 

fc=-n-l L v J 75 

2^- 1 Vi(-l) fe 4 / 



e s 



and observe that for each n > and a; e (0, 1] 

< fn(x) < f (x) < 2x^\ 

Additionally, for each n > and x > 1, we have 

\fn(x)\ < x 1 ~ l A'S"—=j e~ 3 -ds = 4x 7_1 Y>(a;(2fc + 1)) 

A/27T Jx(2k+D 



(7) 



fc=0 



< 



< 



2^ 
4 



fc=0 



x(2it + i; 



fc=0 



2^ 
4 



•7-2 
x 7 e 2 



E 

fc=0 



a; 7 2 e 2 



1-e- 



(8) 
(9) 



where © follows from the fact that ty(t) < ^7= exp(— y) for each t > 0. The com- 
bination of with © implies that |/ n (-)| is bounded by an integrable function, 
and hence, by Lebesgue's dominated convergence theorem, we can rewrite © in 



5 



the following form 



^(1/2,7) = 7^va-i) fc / 1 2:7-1 / 



e s ds > dx 



> . 



4 



if s/2 V T - 1 / v'2 X ' 

s 1 e ds 



The change of the order of integration in I k leads to 

h 



7 V 2fc + 1 







2 7 V Ik + 1 



7-1 



e'Hzdt 







2 7 V 2Jfe + l 
which implies that 



1 / V2 \ y ( I 



/%)■ 



This completes the proof of (i). 



Ad (ii). LetH = 1. Since Si (t) = d Aft, where M ~ jV(0, 1), then P (sup tg[0jl] |£i(t)| > x) 
2*f>(x). Standard integration completes the proof. □ 



References 

[1] Abramowitz, M v Stegun, LA. Handbook of Mathematical Functions with Formulas, 
Graphs, and Mathematical Tables, National Bureau of Standards Applied Mathematics 
Series - 55, Washington, 1972. 

[2] Adler, R.J. An introduction to continuity, extrema, and related topics for general Gaussian 
processes Inst. Math. Statist. Lecture Notes -Monograph Series, vol. 12, Inst. Math. 
Statist., Hayward, CA, 1990. 

[3] Borodin, A.N., Salminen, P. Handbook of Brownian Motion - Facts and Formulae 
Birkhauser Verlag, Basel, Boston, Berlin, 1996. 

[4] DasGupta, A. (2002) Mellin transform and densities of suprema of brownian pro- 
cesses: with applications. Report 02-08, Department of Statistics, Purdue University, 
USA. 

[5] Novikov, A., Valkeila, E. (1999) On some maximal inequalities for fractional Brow- 
nian motions. Statistics and Probability Letters 44, 47-54. 



6 



